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Abstract
A new cosmological model implies that dR/dt is constant for both t > tc
and t → 0, and that dR2/dt ∝ n−1s for tc > t > 0. Here R(t) is the cosmic
scale factor, tc is a crossover time defined in the text, and ns is approximately
constant near tc. The behavior at intermediate times is consistent with big-
bang nucleosynthesis. The behavior at short and long times offers a solution
to the smoothness, monopole, and flatness problems. In addition, the long-
time behavior yields a comfortably large age for the universe and predicts
that the deceleration parameter q0 is exactly zero.
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Recently a new fundamental theory was proposed [1]. Among its conse-
quences is a specific cosmological model, which the present paper will explore
in more detail. We will find that the cosmic scale factor has the following
behavior:
R (t) = η t , t→ 0 (1)
R (t) ∝
[∫
dt/ns (t)
]1/2
, t < tc (2)
dR (t) /dt = 2
√
3 , t > tc (3)
where η ≫ 1 and ns (t) is a decreasing function of t, with
ns(t) ≈ ns = constant , t < t < tc . (4)
The first prediction implies that the particle horizon in the early universe is
nearly infinite. The second is consistent with the conclusion that [2]
0.55 < α < 0.56 (5)
if R(t) ∝ tα is assumed to hold during the period of big-bang nucleosynthesis
[3]. The third implies that
q = 0 (6)
where q is the deceleration parameter in the current epoch.
The theory of Ref. 1 begins with an Ising-like action S, which becomes a
Ginzburg-Landau-like action in the continuum approximation. After a Wick
rotation x0 → ix0, one obtains the Lorentzian action
SL = iS (7)
= −
∫
dDx
[
1
2m
∂MΨ†∂MΨ− µΨ†Ψ+ 1
2
b
(
Ψ†Ψ
)2]
. (8)
Here Ψ is a superfield, with both bosonic and fermionic parts. In the present
context, however, it is not necessary to consider fermions or bosonic exci-
tations. It is also convenient to initially ignore the d = D − 4 internal
dimensions, so that we are left with the action for a GUT Higgs field in
four-dimensional spacetime:
SL = −
∫
d4x Ψ†s
(
− 1
2m
∂µ∂µ +
1
2
bns − µ
)
Ψs (9)
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where ns = Ψ
†
sΨs. One can define a “superfluid velocity”
vµ = −im−1U−1∂µU (10)
where
Ψs = n
1/2
s Uη0 (11)
and η0 is a constant 2-component vector. The field v
µ
α, defined by
vµ = vµασ
α , (12)
is interpreted as the vierbein which determines the geometry of spacetime:
eµα = v
µ
α . (13)
(Here σ0 and σ1, σ2, σ3 are respectively the identity and Pauli matrices.) The
curvature of spacetime is attributed to Planck-scale instantons. This picture
leads to both Einstein gravity and an SO(10) grand unified theory of fermions
and the other interactions [1].
The condensate Ψs can support specific kinds of topological defects, two
of which are relevant in the present context: (a) SU(2) instantons, which
are the four-dimensional generalization of vortices in an ordinary superfluid.
With x0 chosen to be the radial coordinate, vµα has the form [4]
vkα = δ
k
αa/mx
0 (14)
v0α = 0 (15)
where a is a constant and k = 1, 2, 3. From a four-dimensional point of view,
it is as if there is a circulation of condensate around the origin. (b) U(1)
monopole-like defects, which act as sources of the U(1) current
jµ0 = nsv
µ
0 . (16)
These defects can relieve the constraint
∂µj
µ
0 = 0 (17)
in the same way that vortices in a superfluid can relieve the constraint−→∇ × −→vs = 0. Suppose that such a defect has spherical symmetry, with jµ0
pointing out from the origin. The equation of continuity (17) still holds for
r 6= 0, where r is the radial coordinate, so
∂(r3j0)/∂r = 0 (18)
3
or
v0 = a
3
1
/(r3ns) (19)
with a1 a constant. From a four-dimensional point of view, it is as if there is
an emanation of condensate from the origin.
These are the two natural point defects for a 2-component field Ψs. In
the present cosmological model they are superposed, and the singularity at
the origin is interpreted as the big bang [1]. Combining (13), (14), and (19)
(with r → x0) we obtain
ekα = δ
k
αa/mx
0 (20)
e0α = δ
0
αa
3
1
/
(
x0
)3
ns . (21)
The usual relation
eαµe
µ
β = δ
α
β (22)
gives the covariant vierbein
eαk = δ
α
kmx
0/a (23)
eα
0
= δα
0
(
x0
)3
ns/a
3
1
. (24)
In addition, larger values of x0 correspond to larger 3-spheres [1], so
dxk = x0dxk, where dxk represents a distance within the unit 3-sphere. There
are thus two contributions to the expansion of the universe in the present
model, with both the metric tensor gkl and the separation of comoving points
increasing as functions of x0.
The vierbein of (23) and (24) leads to a metric with the Robertson-Walker
form
ds2 = ηαβ e
α
µe
β
ν dx
µ dxν (25)
= −
[
(x0)
3
ns
a31
]2 (
dx0
)2
+
[
m (x0)
2
a
]2
dxkdxk (26)
= −dt2 +R (t)2
(
dr2
1− r2 + r
2dΩ
)
(27)
where
dt =
(
ns/4a
3
1
)
d
(
x0
)4
(28)
R (t) =
2m
a
(
a3
1
∫
dt
ns
)1/2
. (29)
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Also, ηαβ = diag (−1, 1, 1, 1) is the Minkowski metric tensor, and
dΩ = dθ2+ sin2 θ dφ2, with (r, θ, φ) representing the usual coordinates of the
unit 3-sphere.
Notice that this metric is determined by the topology of the cosmological
instanton, rather than the Einstein field equations. As usual, these equations
follow from the variational principle δSL/δg
µν = 0 if there are no constraints,
where SL is the full Lorentzian action [1]. In the present model, however,
they are subordinate to the constraint imposed by topology on a cosmological
scale. I.e., the Einstein field equations are only a very good approximation
for local deformations of the geometry of spacetime.
The time dependence of the condensate density ns is determined by the
equation of motion for Ψs, which leads to the generalized Bernoulli equation
[1]
− 1
2m
n−1/2s ∂
µ∂µn
1/2
s +
1
2
mvµαv
α
µ + bns = µ (30)
or [4]
1
2m
n−1/2s
(
x0
)−3 d
dx0
[(
x0
)3 d
dx0
n1/2s
]
+
1
2
mvkαv
k
α−
1
2
mv0αv
0
α+ bns = µ . (31)
Substitution of (20) and (21) gives
ξ2n−1/2s
(
x0
)−3 d
dx0
[(
x0
)3 d
dx0
n1/2s
]
+
3ξ2a2
(x0)2
− ξ
2m2a6
1
(x0)6 n2s
+
ns
ns
= 1 (32)
where ξ = (2mµ)−1/2 is the coherence length and ns = µ/b is the condensate
density in a uniform system. With the scalings
ρ = x0/ξ , f = (ns/ns)
1/2 (33)
we obtain an equation for f which is analogous to the standard equation for
the condensate density near a superfluid vortex:
1
ρ3
d
dρ
(
ρ3
df
dρ
)
+
3a2
ρ2
f − a
6
ρ6f 4
f + f 3 − f = 0 (34)
where
a3 = a3
1
m/nsξ
2 . (35)
The asymptotic solutions are
f = 1− 3a2/2ρ2 , ρ→∞ (36)
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f = c/ρ , ρ→ 0 (37)
with
c6 + c4
(
3a2 − 1
)
= a6 . (38)
The forms (36) and (37) imply that there is a ρc such that
f (ρc) = 1 . (39)
Suppose that
ρ6c ≫ a6 (40)
and
a2 ≫ 3a2 . (41)
One then expects that the first term of (34) is very small at ρc, and this ex-
pectation is confirmed by numerical calculations [5]. If this term is neglected,
(34) and (39) give
ρc ≈ a
(
a2/3a2
)1/4
. (42)
One expects f to be a slowly decreasing function of ρ in the region
a < ρ < ρc, and this is again confirmed by the numerical calculations [5].
Then the condensate density ns is a slowly decreasing function of the time t
in a region t < t < tc, where t and tc are the times corresponding to ρ = a
and ρc:
t ∼
(
ns/4a
3
1
)
ξ4a4 ∼ mξ2a (43)
tc ∼
(
ns/4a
3
1
)
ξ4ρ4c ∼ mξ2 (a/a)2 a . (44)
(See (28), (33), and (35). Also notice that (43) is consistent with (54).) Since
mξ2 ∼ tP , where tP ∼ 10−42 sec is a Planck time [1], we can also write
t ∼ a tP (45)
tc ∼ η2t (46)
where
η = a/a≫ 1 . (47)
For example, t ∼ 100 sec and η ∼ 100 corresponds to tc ∼ 106 sec.
Starting with the action SL =
∫
dx0 L of (9), one can follow the usual
rules for obtaining the Hamiltonian H =
∫
d3x H. The result is
H = nsµf
[
− 1
ρ3
d
dρ
(
ρ3
df
dρ
)
+
3a2
ρ2
f +
a6
ρ6f 4
f +
1
2
f 3 − f
]
. (48)
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Since the volume of a 3-sphere is 2π2 (x0)
3
= 2π2ξ3ρ3, (37) and (38) imply
that
H = π2nsµξ
3
(
3c4 + 12c2a2
)
/ρ ≈ 3π2nsµa4ξ3/ρ (49)
as ρ→ 0. (According to (2.5)-(2.7) of Ref. 1, there is a cutoff at x0 ∼ ξ, or
ρ ∼ 1, so that the initial value of H is comparable to a4mP .) In this same
regime, (28), (29), (33), and (35) give
t =
(
c2mξ2/2a3
)
ρ2 (50)
ns =
(
c4mξ2/2a3
)
ns/t (51)
R (t) = ηt (52)
where
η = 2a3/c2a ≈ 2η ≫ 1 (53)
with each equation holding in the limit ρ→ 0, or t→ 0. It follows that
t ≈ mξ
2
2a
ρ2 ∼ (ρtP )
2
t
(54)
ns ≈ amξ
2
2
ns
t
∼ t
t
ns (55)
R (t) ≈ ηt (56)
for t < t.
The particle horizon is determined as usual by
dH (t) = R (t)
∫ t
ǫ
dt′
R (t′)
, ǫ→ 0 . (57)
In Friedmann models with R (t) ∝ tα, and α < 1, the horizon is finite:
dH (t) = t / (1− α) ∼ t . (58)
In the present model, however, (52) implies that α ≈ 1 in the early universe,
making the horizon nearly infinite: for t < t,
dH (t) ≈ t log (t/ǫ)→∞ . (59)
Now let us turn to the behavior of the condensate at large times
t > tc. This is the regime already considered in Ref. 1, where the following
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assumptions are made: (1) There are monopole-like defects which relieve the
constraint (17) by acting as sources of the current jµ0 , in the same way that
vortices permit a superfluid to rotate by relieving the constraint−→∇×−→vs = 0. (See the discussion following (7.24) of Ref. 1.) These are Planck-
scale versions of the cosmological U(1) monopole-like defect considered above.
(2) At large times (t > tc), the condensate density is constant in external
spacetime. This requires that
1
2
mvkαv
k
α −
1
2
mv0αv
0
α = 0 , t > tc . (60)
(See the discussion above (5.14) and below (8.40) in Ref. 1.) It follows that
v0αv
0
α = v
k
αv
k
α = 3
(
a/mx0
)2
(61)
or
eα
0
= δα
0
mx0/
√
3a . (62)
Let us now consider the origin of the condition (60) in more detail, by
including the internal space xB of Ref. 1, with d coordinates x
m, as well as
our external space with coordinates xµ. The condensate wavefunction can
always be written in the form
Ψs (xA, xB) = ΨA (xA) ΨB (xA, xB) (63)
with
ns (xA, xB) = nA (xA)nB (xA, xB) (64)
nA = Ψ
†
AΨA , nB = Ψ
†
BΨB . (65)
For t > tc it is assumed that the condensate has settled into a local energy
minimum, with an internal instanton satisfying[
− 1
2m
∂m∂m + V (xB)− µ
]
ΨB (xB) = 0 (66)
V (xB) = bnAnB (xB) . (67)
(See (5.14) of Ref. 1, and the comment below (8.40).) At all times, on the
other hand, one has the equation of motion(
− 1
2m
∂µ∂µ − 1
2m
∂m∂m + bnAnB − µ
)
ΨAΨB = 0 . (68)
8
(See (3.7) of Ref. 1.) In external spacetime this becomes(
− 1
2m
∂µ∂µ + b˜nA − µ˜
)
ΨA = 0 (69)
where
µ˜ = µ− TB (70)
TB = N
−1
B
∫
ddx Ψ†B
(
− 1
2m
∂m∂m
)
ΨB (71)
b˜ = bN−1B
∫
ddx n2B (72)
NB =
∫
ddx nB . (73)
It is reasonable to make the approximation that µ˜ and b˜ are slowly varying
functions of t. We then regain the action of (9) and the previous results for
t < tc, with the replacements µ→ µ˜, b→ b˜, and ns → nA.
In particular, the scaled equation (34) still holds as t → tc from below.
Since tc is defined to be the point where f = 1, and the condensate is assumed
to remain fully formed beyond this point, (33) implies that
nA = nA = µ˜/b˜ for t ≥ tc (74)
with µ˜ and b˜ constant. Then (69) gives
Ψ†A
(
− 1
2m
∂µ∂µ
)
ΨA = 0 . (75)
The arguments in Section 3 of Ref. 1 show that this condition is equivalent
to
1
2
mvµαv
α
µ = 0 (76)
which is the same as (60).
With eα
0
given by (62), and eαk still given by (23), (25) becomes
ds2 = −
(
mx0√
3a
)2 (
dx0
)2
+
[
m (x0)
2
a
]2
dxkdxk (77)
= −dt2 +R (t)2
(
dr2
1− r2 + r
2dΩ
)
(78)
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where
dt =
(
m/2
√
3a
)
d
(
x0
)2
(79)
R (t) = m
(
x0
)2
/a . (80)
It follows that
·
R= dR/dt = 2
√
3 . (81)
With the conventional definitions
H =
·
R /R (82)
or
q = − ..R /RH2 (83)
we have
q = 0 , t > tc . (84)
The present model can be viewed from either of two perspectives:
In the Lorentzian spacetime of human observers, the universe is born
containing a highly confined and coherent bosonic field Ψs, which is analogous
to the coherent photon field in a laser cavity. The density ns of this field is
initially very large (at x0 ∼ tP ), but decreases to its minimum-energy value
ns during a period t < tc. At the same time, it releases energy to other fields,
producing a hot big bang (although the coupling to other fields is omitted in
the present treatment). For t > tc, Ψs remains fully condensed, and can be
properly interpreted as the condensate associated with a GUT Higgs field.
In Euclidean spacetime, which is regarded as more fundamental in Ref.
1, the big bang results from a topological defect centered on the point t = 0.
The nature of this cosmological instanton is specified above (20). When one
transforms the solution (37) to Euclidean spacetime, the action S is found
to be positive, as is the Hamiltonian H in Lorentzian spacetime. S and H
are also positive for the Planck-scale monopole-like defects postulated above
(60).
Let us now consider the physical implications of the above results:
The fact that the particle horizon is nearly infinite at early times means
that the observable universe was once causally connected, so its isotropy and
homogeneity are not unnatural, as they are in standard cosmology without
inflation [6-11].
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In addition, since the Kibble mechanism requires a horizon [12], there is
no longer a compelling mechanism for the production of unacceptably large
quantities of cosmic relics like monopoles.
The curvature associated with (78) is proportional to R (t)−2 [13]. The
present model thus requires a universe that is asymptotically flat, because
the topology of the cosmological instanton requires that R (t) ∝ t for t→∞.
This is true even if
Ωm = ρm/ρ
c
m 6= 1 (85)
where ρcm is the critical mass density corresponding to a flat universe in
conventional cosmology. Observations of the cosmic microwave background
and of large scale structure indicate that spacetime is very nearly flat but
that Ωm ≈ 0.3 [14].
If the period t < tc is neglected, (81) implies that R (t) ∝ t, so H−1 = t
rather than 3
2
t. The age of the universe is then given by t0 = H
−1
0 rather
than 2
3
H−10 . With the conventional definition H0 = 100h km s
−1Mpc−1, a
value of h = 0.65 [15] implies that t0 = 15 Gyr rather than 10 Gyr. This
larger value is more consistent with recent estimates of 10 − 14 Gyr for the
ages of the oldest globular clusters [16].
Perhaps the most directly testable prediction of the present theory is
q = 0, which means that the universe is neither decelerating nor accelerat-
ing [17]. This feature clearly demarcates the present theory from standard
cosmology with a flat or closed universe [18,19], in which q0 ≥ 1/2, and from
ΛCDM models [20], in which q0 ∼ −1/2. Quantitative measurements of q0
are now becoming attainable [21,22], so it should be possible to subject this
prediction to convincing tests in the near future.
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